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Leptonic unitarity triangle (LUT) provides fundamental means to geometrically describe CP vio-
lation in neutrino oscillation. In this work, we use LUT to present a new geometrical interpretation
of the vacuum oscillation probability, and derive a compact new oscillation formula in terms of
only 3 independent parameters of the corresponding LUT. Then, we systematically study matter
effects in the geometrical formulation of neutrino oscillation with CP violation. Including nontrivial
matter effects, we derive a very compact new oscillation formula by using the LUT formulation. We
further demonstrate that this geometrical formula holds well for applications to neutrino oscillations
in matter, including the long baseline experiments T2K, MINOS, NOνA, and DUNE.
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I. Introduction
Discovering leptonic CP violation poses a major chal-
lenge to particle physics today, and may uncover the ori-
gin of matter-antimatter asymmetry in the Universe [1].
Unitarity triangles provide the unique geometrical de-
scription of CP violations via 3 × 3 unitary matrix.
They have played a vital role for studying CP viola-
tion of Cabibbo-Kobayashi-Maskawa (CKM) mixings in
the quark sector [2]. So far various neutrino oscilla-
tion experiments have been trying to precisely measure
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixings for
the lepton-neutrino sector [3]. Leptonic unitarity tri-
angles (LUT) provide a fundamental means to probe
the leptonic CP violation, complementary to the usual
method of measuring the CP asymmetry of neutrino os-
cillations, P [ν`→ν`′ ]− P [ν¯`→ ν¯`′ ] (` 6= `′) [4, 5]. Some
LUT studies appeared in the recent literature [6–9].
In Ref. [6], we found that LUT is directly connected
to neutrino oscillations in vacuum. We proved [6] that
the LUT angles exactly act as the CP-phase shifts of
neutrino oscillations. We proved [6] that vacuum oscilla-
tion only depends on 3 independent geometrical param-
eters of the corresponding LUT. Because matter effects
[10, 11] in many current and future long baseline (LBL)
oscillation experiments (such as T2K [12], MINOS [13],
NOνA [14], and DUNE [15]) are non-negligible, it is im-
portant to develop our geometrical LUT formulation for
including nontrivial matter effects.
In this work, we construct a new unified geometri-
cal LUT formulation for neutrino oscillations in vacuum
and in matter, and study its applications. In Sec. II, we
present a new geometrical LUT formulation to dynam-
ically describe how 3-neutrino system oscillates in vac-
uum. From this, we derive a new compact oscillation
formula, manifestly in terms of only 3 independent pa-
rameters of the corresponding LUT. In Sec. III, we sys-
tematically study the LUT formulation for neutrino os-
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Figure 1: The leptonic unitarity triangle (LUT), where ` 6=
`′, (a, b, c) denote lengths of the three sides, and (α, β, γ)
represent the three angles.
cillations in matter. We derive an approximate analytical
LUT formula including matter effects, and further ana-
lyze its accuracy for the current and future long baseline
oscillation experiments, in Sec. IV and AppendixA-B. Fi-
nally, we conclude in Sec.V.
II. Geometrical Formulation of
Neutrino Oscillation in Vacuum
From the unitarity of PMNS matrix, U†U = UU† = 1 ,
we have two sets of conditions,
∑
j U`jU
∗
`′j = 0 with
` 6= `′ (forming the row triangles or “Dirac triangles”),
and
∑
` U
∗
`jU`j′ = 0 with j 6= j′ (forming the column
triangles or “Majorana triangles”). For the flavor neutrino
oscillations, we consider the Dirac triangles (` 6= `′),
U`1U
∗
`′1 + U`2U
∗
`′2 + U`3U
∗
`′3 = 0 , (1)
as shown in Fig.1.
The sides and angles of each LUT (1) can be defined,
(a, b, c) = (|U`1U∗`′1|, |U`2U∗`′2|, |U`3U∗`′3|), (2a)
(α, β, γ) = arg
(
−U`3U
∗
`′3
U`2U
∗
`′2
,−U`1U
∗
`′1
U`3U
∗
`′3
,−U`2U
∗
`′2
U`1U
∗
`′1
)
. (2b)
ar
X
iv
:1
60
6.
04
05
4v
3 
 [h
ep
-p
h]
  1
3 D
ec
 20
16
2In Ref. [6], we proved that the conventional neutrino oscil-
lation probability in vacuum [4][5] can be fully expressed
in terms of the sides (a, b, c) and angles (α, β, γ) of the
corresponding LUT, among which only 3 are indepen-
dent.
In the following, we propose a new geometrical ap-
proach. With this, we will derive a new formula of vac-
uum oscillations, which manifestly contains only 3 inde-
pendent parameters of the LUT for each given channel,
say (b, c, α), and takes a very compact form.
In the standard formulation, the neutrino oscillation in
space may be described by the following Schrödinger-like
evolution equation in flavor basis,
i
d
dL
|ν(L)〉 = H|ν(L)〉, (3)
where H is the effective Hamiltonian and |ν(L)〉 denotes
the flavor state of the flying neutrino at a distance L
from the source. In vacuum, we can write the effective
Hamiltonian H0 in the following matrix form,
H0 =
1
2E
U
m21 m22
m23
U†. (4)
Solving Eq.(3) gives, |ν(L)〉 = e−iH0L|ν(0)〉. So, the
transition amplitude of ν` → ν`′ takes the form, A`→`′ =∑
j U`jU
∗
`′je
i2∆j , where ∆j≡ m2jL/(4E). Thus, we de-
duce the oscillation probability P`→`′ = |A`→`′ |2 as,
P`→`′ = |U`1U∗`′1ei2∆1 + U`2U∗`′2ei2∆2 + U`3U∗`′3ei2∆3 |2
= |a+ bei(γ−pi)ei2∆21 + cei(pi−β)ei2∆31 |2, (5)
where in the second row we have used Eq.(2), and ∆jk ≡
∆m2jkL/(4E) with ∆m
2
jk = m
2
j −m2k (j, k = 1, 2, 3).
We inspect Eq.(5) and find a new way to demon-
strate its geometry graphically. For L/E = 0 , we have
P`→`′ = 0 and ∆21 = ∆31 = 0 . Hence, under L/E = 0 ,
Eq.(5) reduces to
a+ b ei(γ−pi) + c ei(pi−β) = 0 . (6)
This just corresponds to the geometry of the LUT4ABC
shown in Fig. 1. We re-present this picture in Fig. 2,
where we have (|BC|, |CA|, |AB|) = (a, b, c), and
(∠CAB, ∠ABC, ∠BCA) = (α, β, γ). We see that the
triangle geometry
−−→
BC +
−→
CA +
−−→
AB = 0 just gives the
equality (6).
The generical case of L/E 6= 0 has nonzero oscillation
factors ei2∆21 and ei2∆31 . This will modify the equality
(6), in which ei(γ−pi) is replaced by ei(γ−pi)ei2∆21 , and
ei(pi−β) by ei(pi−β)ei2∆31 , causing the nonzero proba-
bility (5). Geometrically, the phase factors ei2∆21 and
ei2∆31 will change orientations of vectors
−→
CA and
−−→
BA by
holding their lengths. This will rotate
−→
CA to
−−→
CE, and−−→
BA to
−−→
BF , both counterclockwise. Denoting the angles
A
BC
E
F
x
y
c
a
bj2
j1
Figure 2: New geometrical presentation of neutrino oscilla-
tion, where the angles ∠ABF = ϕ1 and ∠ACE = ϕ2 are
evolving phases ϕ1 = L∆m231/(2E) and ϕ2 = L∆m221/(2E)
in Eq. (7). The squared-distance |EF |2 just gives the oscil-
lation probability (5) via Eqs.(9) and (12). If the triangle is
closed, |EF | = 0 and the probability vanishes. When L in-
creases, the Point-E and Point-F will circle around the corre-
sponding dashed arcs, and the distance |EF | oscillates. This
means that the transition probability oscillates.
∠ABF = ϕ1 and ∠ACE = ϕ2, we have the following
relations,
ϕ1 = 2∆31, ϕ2 = 2∆21. (7)
This shows that the triangle is unfolded to become a
quadrangle ECBF , and the side EF just equals the am-
plitude,
−−→
EF = a+ bei(γ−pi)ei2∆21 + cei(pi−β)ei2∆31 . (8)
Comparing this with Eq. (5), we conclude that
|EF |2 = P`→`′ , (9)
just gives the oscillation probability. When the quadran-
gle ECBF reduces to a closed triangle 4ABC, the os-
cillation probability would vanish. When L/E increases,
the Point-E and Point-F in Fig. 2 will circle around the
corresponding dashed arcs. Thus, the distance |EF | os-
cillates, and its square |EF |2 exactly equals the oscilla-
tion probability (5) via Eq.(9). Hence, we have demon-
strated that Fig. 2 and Eq.(9) give a new geometrical pre-
sentation of neutrino oscillations in vacuum.
We can directly compute the oscillation probability
by using the above geometrical formulation. As will be
shown below, it is striking that using this geometrical for-
mulation, we can derive a very compact new formula of
neutrino oscillations, manifestly in terms of only 3 LUT
parameters. Without losing generality, we assign
−→
CA as
the x-axis and its orthogonal direction as y-axis. Thus,
we can derive the following coordinates for points E and
F in the x-y plane,
E : (b cosϕ2, b sinϕ2),
(10)
F :
(
b−2c sinϕ1
2
cos∠FAC, −2c sinϕ1
2
sin∠FAC
)
,
3where the angle ∠FAC = α + 12 (ϕ1−pi). With these,
we compute the length of the line segment EF as
|EF |2 = 4c2sin2ϕ1
2
+ 4b2sin2
ϕ2
2
−8bc sinϕ1
2
sin
ϕ2
2
cos
(
ϕ1−ϕ2
2
+ α
)
. (11)
Using Eqs.(7), (9), and (11), we derive an elegant and
very compact new formula of vacuum oscillations,
P`→`′ = 4c
2 sin2∆
−8bc sin∆ sin ∆ cos[(1− )∆ + α] (12)
+4b2 sin2∆ ,
where we have defined,
∆ ≡ ∆31 =
∆m231L
4E
,  ≡ ∆21
∆31
=
∆m221
∆m231
. (13)
The anti-neutrino oscillation probability P¯`→¯`′ can be
obtained from Eq.(12) under the replacement α→ −α .
The new oscillation formula (12) invokes only 3 indepen-
dent geometrical parameters (b, c, α) of the correspond-
ing LUT, while the other 3 non-independent parame-
ters (a, β, γ) have been explicitly removed in Eq.(12).
Furthermore, this explicitly proves that the 4 PMNS-
parameters (θ13, θ23, θ12, δ) could enter the oscillation
probability (12) only via their 3 independent combina-
tions in terms of the geometrical parameters of LUT, such
as (b, c, α). Note that Eq.(12) makes no approximation.
But it may be regarded as a Taylor expansion in terms
of sin ∆ or  , which is small due to  ≈ 0.03 [16][17]
and ∆ ∼ O(1) for all known accelerator oscillation ex-
periments [12]-[15]. In Eq.(12), the first row is of O(0),
serving as the leading order (LO). The second and third
rows, of O(1) and O(2), belong to the next-to-leading
order (NLO) and next-to-next-to-leading order (NNLO),
respectively. No other higher order terms exist because
Eq.(12) is exact.
Using our new Eq.(12), we can rederive the oscillation
CP asymmetry A``
′
CP = P`→`′−P¯`→¯`′ ,
A``
′
CP = 32S4sin∆ sin ∆ sin(1− )∆ (14)
= 4J(sin2∆21+ sin2∆13+ sin2∆32),
where (∆, ) are defined in Eq.(13), and the Jarlskog in-
variant J [18] equals twice of the LUT area, J = 2S4 =
bc sinα . The last line of Eq.(14) agrees to the conven-
tional CP asymmetry formula [5].
As a final remark, we consider the conventional vacuum
oscillation formula [4][5],
P`→`′ =
3∑
j=1
|U`′jU`j |2 (15)
+ 2
∑
j<k
|U`′jU`jU`kU`′k| cos(2∆jk∓ φ`′`;jk) ,
where the signs “∓” correspond to ν` (ν¯`) oscillations.
Eq.(15) contains the CP phase angle [4][5], φ`′`;jk ≡
arg(U`′jU
∗
`jU`kU
∗
`′k). As we proved in Ref. [6], each CP-
phase shift φ`′`;jk exactly equals the corresponding an-
gle of the LUT (modulo pi), i.e., (φ`′`;23, φ`′`;31, φ`′`;12) =
(α, β, γ) + pi , where the convention of each LUT angle
(α, β, γ) in Eq.(2b) differs from that of [6] by a minus
sign. With this, we derived the vacuum oscillation prob-
ability P [ν` → ν`′ ], fully in terms of the geometrical
parameters of the corresponding LUT [6],
P`→`′ = 4ab sin(∆12∓ γ) sin ∆12
+ 4bc sin(∆23∓ α) sin ∆23
+ 4ca sin(∆31∓ β) sin ∆31 ,
(16)
according to the current convention of Eq.(2). Although
Eq.(16) contains all 6 parameters (a, b, c) and (α, β, γ)
of the LUT, only 3 are independent. Hence, if we choose 3
of them, say (b, c, α), the remaining parameters (a, β, γ)
can all be expressed in terms of (b, c, α),
a =
√
b2+ c2−2bc cosα ,
(17)
γ = arccos
(
a2+b2−c2
2ab
)
, β = pi − (α+γ) .
We could try to eliminate the non-independent parame-
ters (a, β, γ) by substituting Eq.(17) into Eq.(16). But
the resultant form is very complicated and lengthy. Only
after we obtain the new formula (12) by the current
geometrical approach [Fig.1 and Eq.(9)], we could use
Eq.(12) as the final answer (guideline), and eventually
reduce Eq.(16) to Eq.(12) after tedious derivations. Our
new formula (12) is important, because extending it we
can further successfully construct the LUT formulation of
neutrino oscillations including nontrivial matter effects,
as we will present in Sec. III-IV.
III. Neutrino Oscillations in Matter
and Effective Leptonic Unitarity Triangle
Including matter effects requires to add the following
new term Hi into the effective Hamiltonian H which
appears in the evolution equation (3),
Hi =
√
2GFNe
1 0
0
, (18)
where the electron density Ne = (Z/A) ρNA , with ρ
the matter density, Z (A) the atomic number (atomic
mass number), andNA the Avogadro constant. Eq.(18) is
for neutrino oscillations in matter, and for anti-neutrino
oscillations the matter term (18) flips sign [5]. Including
this matter term (18), we need to solve Eq.(3) with H
given by
H = H0 +Hi . (19)
4For the current LBL experiments, neutrino beams only
pass through the crust of the Earth. So Ne is well ap-
proximated as a constant. Thus, we derive the solution of
Eq.(3), |ν(L)〉 = e−iHL|ν(0)〉 . The Hamiltonian H0 can
be diagonalized by the PMNS matrix U , but H cannot,
i.e., U†H0U is diagonal, but U†HU = U†H0U+U†HiU
is not. Hence, we need to rediagonalize H by an effec-
tive mixing matrix Um(≡ U+ δU) , which results in the
effective neutrino masses m˜i. Thus, we have
H =
1
2E
Um
m˜21 m˜22
m˜23
U†m . (20)
From the effective mixing matrix Um , we can construct
the effective leptonic unitarity triangles (ELUT), in the
same way as we did for analyzing the vacuum LUT in
Sec. III. When neutrino energy E is very low, H0  Hi
and Um is fairly close to U . Hence, in the limit E →
0 , the ELUT simply reduce to the corresponding LUT.
When E increases, ELUT gradually deviate from LUT
since Um deviates from U . Thus, the forms of ELUT
will vary under the change of neutrino energy E .
The oscillation formula in matter is obtained by just re-
placing the original LUT parameters, say, (b, c, α), by the
new ELUT parameters (bm, cm, αm). We make the same
replacements for effective neutrino masses in Eq.(20).
This means that the geometrical presentation of neu-
trino oscillations in Fig. 2 still holds after including the
matter effects. The only difference is to replace the vac-
uum LUT by the ELUT in matter and the neutrino
masses m1,2,3 by m˜1,2,3 . When a neutrino propagates
in matter and its distance L increases, the Point-E and
Point-F in Fig. 2 will circle around the corresponding arcs
in the ELUT frame. Then, the distance |EF | oscillates,
and |EF |2 gives the oscillation probability in matter.
Hence, including matter effects into Eq.(12), we deduce
the oscillation formula,
P`→`′ = 4c
2
m sin
2∆m
−8bmcm sin∆m sin(m∆m) cos[(1−m)∆m+αm]
+4b2m sin
2(m∆m) , (21)
where parameters with subscripts “ m” denote the corre-
sponding effective parameters in matter. For instance, bm
is the b-side of the ELUT from Um in Eq.(20). (∆m, m)
are obtained from (∆, ) [cf. Eq.(13)] under the replace-
ments m1,2,3 → m˜1,2,3 [cf. Eq.(20)].
Note that Eq.(21) is an exact formula, and so far we
have not made any approximation. When neutrino en-
ergies lie between the solar resonance and atmospheric
resonance, 0.1GeV . E . 3GeV [19], one has the matter
density ρ ' 2.6 g/cm3 [20] for the earth crust, and the
averaged ratio Z/A ' 1/2, where Z and A are the atomic
number and mass number, respectively. With these, we
deduce the approximate relations after a nontrivial and
lengthy derivation,
cm '
c
1−nE
, bm '
b
nE
, αm ' α± pi , (22a)
m '
−nE
1−nE
, ∆m ' (1−nE)∆ , (22b)
where nE is defined as
nE = 2
√
2GFNeE/∆m
2
31 . (22c)
For clarity, we will present the nontrivial derivation of
Eq.(22) in AppendixA. These are important relations
connecting the ELUT parameters in matter to the corre-
sponding LUT parameters in vacuum. They allow us to
use the vacuum LUT parameters to directly compute the
oscillation probability in matter. This makes our LUT
formulation applicable to the current and future LBL os-
cillation experiments [12]-[15]. In the following Sec. IV
as well as AppendixB, we will perform numerical anal-
ysis to explicitly test the accuracy of the above matter
formulas (21)-(22), and discuss their validity.
IV. Applications: Testing the Precision of
Geometrical Oscillation Formula
So far, most of the LBL experiments measure neutrino
appearance via the oscillation channel νµ → νe . Using
our general geometrical equation (21) together with the
approximate relations (22a)-(22b), we derive the follow-
ing analytical LUT formula for the appearance oscillation
probability,
PLUT(νµ→νe) =
4c2
(1−nE)2
sin2[(1−nE)∆] +
42b2
n2E
sin2(nE∆)
− 8bc sin[(1−nE)∆] sin(nE∆) cos(∆+α)
nE(1−nE)
. (23)
The anti-neutrino oscillation probability PLUT(ν¯µ →
ν¯e) is obtained from Eq.(23) under the replacement
(α, nE) → (−α, −nE). We stress that the new formula
(23) is fully expressed in terms of only 3 independent pa-
rameters (b, c, α) of the LUT, and is manifestly rephas-
ing invariant. We also note that the form of Eq.(23)
holds for both neutrino-mass-orderings. For the normal
mass-ordering (m1 < m2  m3), ∆ and  are positive,
while for the inverted mass-ordering (m2 > m1  m3),
they are both negative.
In the following, we analyze the accuracy of Eq.(23) for
practical applications. We first compute the probability
from Eq.(23) and compare it with the exact numerical re-
sult from solving the neutrino evolution equation (3). We
present this comparison in Fig. 3(a)-(b) for the on-going
NOνA experiment with baseline L = 810 km. In plot-
(a), the red dashed curves depict the prediction PLUT of
our LUT formula (23), and the green curve stands for
5the exact numerical result PExact. In Fig. 3(b), we fur-
ther present the difference ∆P =PLUT − PExact by red
dashed curve.
For the comparison in Fig. 3, we further examine
the approximate formula used by Particle Data Group
(PDG) [5][19][21],
PPDG(νµ→νe) =
1
(1− nE)2
sin2θa sin
22θx sin
2[(1−nE)∆]
− 
nE(1−nE)
sin 2θs sin 2θa sin 2θx cos θx sin δ
× sin ∆ sin(nE∆) sin[(1−nE)∆]
+

nE(1−nE)
sin 2θs sin 2θa sin 2θx cos θx cos δ
× cos ∆ sin(nE∆) sin[(1−nE)∆]
+
2
n2E
sin22θs cos
2θa sin
2(nE∆) , (24)
where (θs, θa, θx) ≡ (θ12, θ23, θ13) and δ is CP an-
gle. Eq.(24) is widely adopted by LBL experiments for
data analysis, including the recent work of T2K [20].
(Some other approximate formulas using the conven-
tional PMNS parametrization appeared in the litera-
ture [22].) Eq.(24) is much more complex than our LUT
Eq. (23). For comparison, we plot the probability PPDG
by blue dashed curves in Figs. 3(a). We further depict the
difference ∆P = PPDG−PExact (blue dashed curve) in
Figs. 3(b). For illustrating the applications of Eqs.(23)-
(24) in Fig. 3, we have input central values of the current
global fit [16] for neutrino parameters under the normal
mass-ordering. We have also made similar comparisons
under the inverted mass-ordering.
Fig. 3 demonstrates that for applications to LBL exper-
iments (such as NOνA [14]), our LUT formula (23) is very
accurate and its error is negligible for the current experi-
mental precision. It shows that Eq.(23) is as precise as or
better than the widely-used PDG Eq.(24). Eq.(23) con-
tains only 3 independent LUT parameters (b, c, α), and
is manifestly rephasing-invariant. In contrast, Eq.(24)
depends on all 4 PMNS-parameters (θs, θa, θx, δ).
Note that Eq.(23) is derived from our independent
new LUT approach and stands on its own, even though
Fig. 3(a) shows that Eqs.(23) and (24) are in main agree-
ment. We stress that Eqs.(23) and (24) have their
own advantages via two independent formulations of ν-
oscillation; they are complementary for studying dif-
ferent aspects of neutrino oscillations. For current il-
lustrations, we mainly consider the important on-going
experiment NOνA (L = 810 km) [14] as an example.
We have also reached similar conclusions by analyz-
ing other LBL experiments MINOS (L = 735 km) [13]
and T2K (L = 295 km) [20], as well as the planned fu-
ture experiment DUNE (L = 1300 km) [15]. For further
justifications of our LUT matter formula (23), we will
HaLNOΝA HL=810kmL
PPDG
PLUT
PExact
1 2 3 4 5 6
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Figure 3: Comparison of the approximate analytical oscilla-
tion formulae (23) and (24) with the exact numerical result
(green curve) for the case of NOνA experiment (L = 810 km).
Eq.(23) is plotted in red curve, and Eq.(24) is in blue curve.
Plot-(a) shows that both Eqs.(23)-(24) are fairly accurate
and their errors are negligible for practical use. Plot-(b)
depicts the differences ∆P = PLUT − P (red curve) and
∆P = PPDG−P (blue curve), showing that our LUT for-
mula (23) is as accurate as Eq.(24).
present explicit analyses for both T2K and DUNE ex-
periments in AppendixB, covering a wide baseline range
of L = 295− 1300 km.
In passing, we note that in principle, both formulae
(23) and (24) require   nE , which corresponds to a
lower bound on neutrino energy,
E & 0.34GeV
(
∆m221
7.6×10−5eV2
1.4cm−3NA
Ne
)
, (25)
as given in Ref. [19] and updated by PDG [5] (cf. the note
below Eq.(14.76) in Ref. [5]). For NOνA experiment, the
selected neutrino energy range is 1.5GeV 6 E 6 2.7GeV
[14], which well obeys the lower bound (25). For the
case of T2K experiment, it has neutrino energy range,
0.1GeV 6 E 6 1.2GeV [12]. So we may concern the
validity of our formula for E = (0.1 − 0.34)GeV. Our
derivation in Sec. III has made  expansion, which re-
quires  nE . We note that the approximate Eq.(22a)
for bm is singular in the limit E → 0 (which causes
nE → 0 ). But our Eq.(23) is free from this singularity
6because its nE = 0 poles are actually canceled in the
limit nE → 0 . So, Eq.(23) still holds well around this
limit. Also, a singularity nE = 1 appears in Eq.(22a)
for cm . Again, it is fully canceled in Eq.(23), and is
harmless. Note that the PDG Eq.(24) is also singularity-
free in the limit nE → 1, or, nE → 0 [even though the
perturbative expansion requires   nE and thus the
bound (25)]. But exact numerical calculations have veri-
fied that Eq.(24) remains fairly accurate below the bound
(25). Hence, Eq.(24) was safely adopted by T2K analysis
[12]. Ref. [23] recently explained why Eq.(24) still holds
at energies below the bound (25). For our LUT Eq.(23),
we have demonstrated its validity for various oscillation
experiments by comparing it with the exact numerical
results in Fig. 3 and in AppendixB. We also expect sim-
ilar reasons to explain the high numerical precision of
our LUT Eq.(23), and will study the detail of this issue
elsewhere.
V. Conclusions
Leptonic unitarity triangle (LUT) provides fundamen-
tal means to geometrically describe CP violation in neu-
trino oscillations. In this work, we presented a new
unified geometrical formulation for connecting the LUT
to neutrino oscillations in vacuum and in matter. We
demonstrated that the dependence of the vacuum oscilla-
tion probability on the PMNS mixing matrix can be fully
reformulated in terms of only 3 independent geometrical
parameters of the corresponding LUT, which are rephas-
ing invariant. We further constructed the geometrical
formulation of oscillations in matter, and derived a very
compact and accurate new oscillation formula.
In Sec. II, we proposed a new geometrical LUT for-
mulation of the dynamical 3-neutrino oscillations. We
proved that the vacuum oscillation probability can be
derived by directly computing the distance of two points
circling around a vertex of the LUT, as shown in Fig. 2
and given in Eqs.(9)(12). The formula (12) manifestly
depends on only 3 independent parameters of the cor-
responding LUT, and takes a much simpler form than
Eqs.(16)-(17) which we derived before [6]. For neutrino
oscillations in matter, we constructed the correspond-
ing Effective LUT (ELUT) in Sec. III, which is a de-
formed LUT by including matter effects. Eqs.(21)-(22)
presented a new geometrical oscillation formula includ-
ing matter effects. Note that Eqs.(12) and (21) exhibit
LO+NLO+NNLO structure, but hold exactly without
approximation. To analytically connect the ELUT pa-
rameters in Eq.(21) to the vacuum LUT parameters, we
deduced new relations (22a)-(22b) under proper expan-
sions, as shown in AppendixA. With these, we further
derived a very compact analytical formula (23) in Sec. IV.
We demonstrated that Eq.(23) has high accuracy for ap-
plications to long baseline experiments, such as NOνA
(Fig. 3) and MINOS, as well as T2K and DUNE (cf.
Figs. 4-5 in AppendixB). We showed that the numerical
precision of our LUT formula (23) is as good as (or bet-
ter than) the widely used PDG Eq.(24) [5], for the long
baseline oscillation experiments T2K, MINOS, NOνA,
and DUNE.
Appendix A: Derivation of Matter Formula (22)
In this Appendix, we present the highly nontrivial
derivation of the matter formula (22), shown at the end
of Sec. III in the main text.
Inspecting the effective Hamiltonian H = H0 +Hi in
Eqs.(4) and (18), we can separate out a diagonal term
(m21/2E)I and express H as follows,
H =
m21
2E
I +
∆m231
2E
UKU†, (A1)
where I is the 3 × 3 unit matrix. The dimensionless
matrix K takes the following convenient form, and needs
to be diagonalized,
K =
0 
1
+ nEueu†e , (A2)
where u†e is the first row of U . To be concrete, we
parametrize U as
U=
 cscx sscx sx−e−iδssca−cssasx e−iδcsca−sssasx sacx
e−iδsssa−cscasx −e−iδcssa−sscasx cacx
, (A3)
where we have used notations, (sj , cj) = (sin θj , cos θj),
and (θs, θa, θx) = (θ12, θ23, θ13) . Thus, we have
ue = (cscx, sscx, sx)
T , (A4)
where ue is real under this convention, and thus u†e =
uTe . Hence, we are actually going to diagonalize a real
matrix K . The final result of computing the ELUT
does not depend on the parametrization of U . Note that
Eq.(A3) can be obtained from the standard parametriza-
tion of PMNS matrix US [5] via simple rephasing,
U = diag(1, e−iδ, e−iδ)US diag(1, 1, e
iδ) , (A5)
where US is given by [5],
US=
 cscx sscx e
−iδsx
−ssca−eiδcssasx csca−eiδsssasx sacx
sssa− eiδcscasx −cssa− eiδsscasx cacx
. (A6)
Using the following 1-2 rotation
O12 =
 cs −ss 0ss cs 0
0 0 1
, (A7)
7we can rotate ue into a vector containing only two non-
zero elements,
u†eO12 = u
T
e O12 = (cx, 0, sx) . (A8)
Then, we find that nEueu
†
e in Eq.(A2) will be rotated
into a matrix having only two off-diagonal elements,
nEO
T
12(ueu
†
e)O12 = nE
 c
2
x 0 sxcx
0 0 0
sxcx 0 s
2
x
. (A9)
For  = 0 , after the 1-2 rotation O12, Eq.(A2) will be
rotated to
OT12K0O12 =
0 0
1
+ nE
 c
2
x 0 sxcx
0 0 0
sxcx 0 s
2
x
, (A10)
where K0 is defined as, K0 = K|=0 . Thus, to diagonal-
ize the matrix in Eq. (A10), we just need an 1-3 rotation,
O13 =
 cθ 0 sθ0 1 0
−sθ 0 cθ
, (A11)
where (sθ, cθ) = (sin θ, cos θ). Under the rotation (A11),
Eq.(A8) is transformed to
u†eO12O13 =
(
cy, 0, sy
)
, (A12)
where (sy, cy) = (sin θy, cos θy), and θy= θ+θx . Then,
the matrix (A10) is rotated to
OT13O
T
12 K0O12O13
=
 s
2
θ 0 −sθcθ
0 0 0
−sθcθ 0 c2θ
+ nE
 c
2
y 0 sycy
0 0 0
sycy 0 s
2
y

=
λ− 0 00 0 0
0 0 λ+
, (A13)
where we have defined,
λ− = s
2
θ + nEc
2
y , λ+ = c
2
θ + nEs
2
y . (A14)
In the second equality of Eq.(A13), we have imposed the
following condition on the (1,3) and (3,1) elements to
ensure full diagonalization,
nEsycy − sθcθ = 0 . (A15)
This leads to
sin(2θ) = nE sin(2θy) . (A16)
Given the relation θy = θ + θx, we can solve θ as a
function of θx ,
tan 2θ =
nE sin(2θx)
1− nE cos(2θx)
. (A17)
Hence, we have determined the 1-3 rotation and diag-
onalized the matrix K under  = 0 limit. The diag-
onalization matrix is O12O13 , and the effective mixing
matrix in this case corresponds to Um0 ≡ Um|=0 , as
given by
Um0 = UO12O13 =
 cy 0 sy−sysa cae−iδ cysa
−syca −sae−iδ cyca
. (A18)
Hence, when  = 0 , the effective unitarity triangle ex-
tracted from Eq. (A18) is actually a line for νe− νµ or
νe− ντ oscillations, since in either case the length of the
b side vanishes,
bm0 = 0 . (A19)
The other two sides of this LUT have the same length,
am0 = cm0 =
c√
(1−nE)2+4nEs2x
, (A20)
where c = sxcxsa (or, c = sxcxca) is the length of c side
of the vacuum LUT for νe−νµ (or, νe−ντ ) oscillations.
We have made use of Eqs.(A16)-(A17) for deriving the
formula (A20).
Next, we compute the corrections from nonzero  . For
 6= 0 , we can split the matrix K in Eq.(A2) as follows,
K ≡ K0 + K , (A21)
where
K0 =
0 0
1
+ nEueuTe , K =
0 
0
. (A22)
Then, under the rotation O12O13 , the matrix K trans-
forms as
OT13O
T
12 KO12O13 = 
 s
2
s sscs 0
sscs c
2
s 0
0 0 0
+O(10−3),
(A23)
where the corrections due to O13 rotation are suppressed
by  θ13 = O(10−3), and are negligible in the final result.
Hence, under the rotations O12O13 , we have the matrix
K transform as
K→
λ− 0 00 0 0
0 0 λ+
+ 
 s
2
s sscs 0
sscs c
2
s 0
0 0 0
+O(10−3). (A24)
We can further diagonalize the right-hand-side of
Eq.(A24) by a rotation O′12 ,
O′12 =
 cr −sr 0sr cr 0
0 0 1
, (A25)
8where (sr, cr) = (sin θr, cos θr). Thus, we can determine
the angle θr as follows,
tan 2θr =
 sin(2θs)
λ−−  cos(2θs)
. (A26)
With these, we combine the above rotation O′12 with
Um0 in Eq.(A18), and deduce the following rotation for
full diagonalization,
Um = Um0O
′
12 (A27)
=
 cycr −srcy sysrcae−iδ−crsasy crcae−iδ+srsysa cysa
× × ×
,
where × stands for the elements irrelevant to our current
concern. For the νe− νµ LUT, using Eqs.(A27) and
(A26), we derive
bm = srcy
∣∣crcae−iδ+ srsysa∣∣
=
s2scacy
2
√
(λ−− c2s)2+2s22s
[1+O(θx)] , (A28)
where (s2s, c2s) = (sin 2θs, cos 2θs) . This gives a small
but non-zero length for the b-side of the deformed effec-
tive unitarity triangle,
bm '

λ−
b . (A29)
The length of c-side is not changed from the leading order
result because the last column of Um equals that of Um0,
cm ' cm0 , (A30)
with cm0 given by Eq.(A20). Since the current global fits
of neutrino data [16][17] restrict the 3σ range of θ13 ≡
θx ' 0.137 − 0.158 = O(0.1)  1 , we see that s2y ∼
s2θ ∼ s2x = O(10−2) are fairly small. This applies to
Eqs.(A20) and (A14). Hence, we deduce the approximate
relations, bm '  b/nE and cm ' c /(1−nE) , which lead
to Eq. (22a).
From the definition of α in Eq.(2b), and using the
formulas (A3) and (A27), we have α = − arg(−Uµ2)
and αm = − arg((Um)µ2), where the expression of αm
does not have a “−” sign in front of (Um)µ2 because it
is canceled by the negative sign in (Um)e2 . Ignoring
sx, sy = O(0.1), we have arg(Uµ2) ' arg((Um)µ2) , and
thus αm ' α ± pi , which reproduces the third relation
of Eq.(22a). Hence, the final ELUT is approximately
given by Eq.(22a). To derive Eq.(22b), we note that at
O(0) , the eigenvalues of the matrix K in Eq.(A24) are
(λ−, 0, λ+). Accordingly, the effective Hamiltonian (A1)
has three eigenvalues,(
m21+∆m
2
31λ−
2E
,
m21
2E
,
m21+∆m
2
31λ+
2E
)
, (A31)
which should equal the corresponding eigenvalues
(m˜21, m˜
2
2, m˜
2
3)/(2E) as defined in Eq.(20). Hence, we
deduce the effective mass-squared differences at O(0) ,
∆m˜231 ' (λ+−λ−)∆m231,
(A32)
∆m˜221 ' (−λ−)∆m231.
Using this and Eq.(A14), we derive the approximate for-
mulas, m ' −nE/(1− nE) and ∆m ' (1− nE)∆ ,
by dropping small O(s2x) terms. This just reproduces
Eq.(22b) in the main text.
In summary, we have proven the approximate formulas
(22a)-(22b) in the main text.
Appendix B: Further Tests of Matter Formula (23)
In this Appendix, we further present two important
tests of our new LUT formula (23) by using the long
baseline oscillation experiments T2K [20] and DUNE [15].
The baselines of the T2K and DUNE experiments are
L = 295 km and L = 1300 km, respectively. We present
the predictions of our Eq.(23) for T2K experiment in
Fig. 4(a) and for DUNE experiment in Fig. 5(a), by the
red dashed curves. Then, we compare them with the ex-
act numerical results (green solid curves) in each plot.
For comparison, we further show the results of the con-
ventional formula (24) (used by the PDG [5]) in the blue
dashed curves. We see that in each case, the three curves
agree with each other to high precision, similar to our
findings in Fig. 3 for NOνA experiment.
In Fig. 4(b) and Fig. 5(b), we further compare the dif-
ferences, ∆P = PLUT − P (red dashed curves) and
∆P = PPDG−P (blue dashed curves). Again, these com-
parisons explicitly demonstrate that our LUT formula
(23) is as accurate as (or better than) the conventional
PDG formula (24).
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